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Abstract. We investigate Hormander spectral multiplier theorems as they hold on X = 

■ L p (il), 1 < p < oo, for many self-adjoint elliptic differential operators A including the 
standard Laplacian on A strengthened matricial extension is considered, which coincides 
with a completely bounded map between operator spaces in the case that X is a Hilbert 
space. We show that the validity of the matricial Hormander theorem can be characterized 

■ in terms of square function estimates for imaginary powers A lt , for resolvents R(X,A), and 
£NJ , for the analytic semigroup exp(— zA). We deduce Hormander spectral multiplier theorems 

for semigroups satisfying generalized Gaussian estimates. 
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1. Introduction 

Let / be a bounded function on (0, oo) and u(f) the operator on L p (M. d ) defined by 
[u(f)g] (£) = /(|£| 2 )(?(0- Hormander's theorem on Fourier multipliers [2QJ Theorem 2.5] 
asserts that u(f) : L p (M. d ) ->• L p (R d ) is bounded for any p£ (1, oo) provided that for some 
integer N strictly larger than ~ 

& " r 2R 9 dt 

(1.1) sup / \t k f k \t)\ -<oo (k = 0,l,...,N). 

R>0 Jr/2 1 

This theorem has many refinements and generalisations to various similar contexts. For 
a>\, let W?(R) = {f G L 2 (R) : ||/|| W?(R ) = || (1 + f 2 ) o/2 /(0 h*m < oo} denote the usual 
Sobolev space, and W a = {/ : (0, oo) — > C : / o exp e (R)}, which is a Banach algebra 
with respect to = ||/ o exp \\ W ?(M)- Let O G C c °°(|,2). For n e Z, let n = 0o(2~ n -) 

and assume that ^ neZ </>«(£) = 1 for any t > 0. Such a function exists [21 Lemma 6.1.7] and 
we call (0 n )nez a dyadic partition of unity. We define the Banach algebra 

H a = If : (0, oo) ^ C : 11/11™, = sup \\<f> n f\\ Wa < oo 



The definition of "H a is independent of the dyadic partition of unity, different choices resulting 
in equivalent norms [25j Section 4.2]. The space T-i a refines (11. ip . more precisely, / G H a 
implies that / satisfies (11. ip for < a, and the converse holds ioi N > a [2S, Proposition 
4.11]. 
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Now if A is a self-adjoint positive operator on some L 2 (Q,fi), then its functional calculus 
assigns to any bounded measurable function / on (0, oo) an operator f(A) on L 2 (Q,fi). In 
particular, if A = —A and (ft, //) = (M. d , dx), then f(A) equals the above u(f). A theorem 
of Hormander type holds true for many elliptic differential operators A, including sublapla- 
cians on Lie groups of polynomial growth, Schrodinger operators and elliptic operators on 
Riemannian manifolds [HI HJ El [12] . By this, we mean that 

(1.2) u : T-L a — > B(X), f i — y f{A) is a bounded homomorphism, 

where X = L p (fi), p G (l,oo), a is the differentiation parameter typically larger than |, 
where d is the dimension of Q, and f{A) is (the unique bounded //-extension of) the self- 
adjoint functional calculus. 

The aim of this article is to characterize the validity of the Hormander multiplier theorem 
for A in terms of square function estimates. 

The latter have been introduced in Stein's classical book [3H] and have since then been used 
widely with applications to functional calculi and multiplier theorems. Note that ||(-) rf ||-^a = 
(1 + |t| 2 ) 0,/2 [25] Proposition 4.12 (4)], so that for this particular function, (jl.2p implies 
\\A U \\ < C(l + \t\ 2 ) a/2 . Then a natural square function estimate for our situation is 

(1.3) \\(l + t 2 )~ a/2 A u x\\ l{R , x) <C\\x\\ x , 
where 7(K., X) is given by 

||z(t)|| 7 (m,x) = 

for X = L p (Q,fi) and p G [l,oo), which explains the name square function. The general 
definition of the space 7(R, X) involves Gaussian random sums in the Banach space X, see 
Section [2j 

Our setting, developed in Section [21 is as follows: We let X be a Banach space having 
Pisier's property (a), which a geometric property playing an important role for the theory of 
spectral multipliers. It is natural to assume the operator A to be 0-sectorial i.e. a negative 
generator of an analytic semigroup (exp(— zA))^ cz>0 which is uniformly bounded on the 
sector S w = {z£ ( C\{0} : | arg,z| < u} for each cu < ~. Indeed, exp(— z-) belongs to 1-L a with 
uniform norm bound on such sectors. Further, for simplicity we assume throughout that A 
has dense range. 

We shall base the definition of u in (11.21) on the well-known H°° functional calculus [H [29] . 
This means that for / belonging to flg°(E w ) = {/ G #°°(X W ) : 3 e, C > s.th. < 
Cmind^l 6 , |<2|~ e )} which is a subclass of H 00 ^^) = {/ : S w — )• C : / is analytic, ||/||oo,w = 
su Pze£„ \f( z )\ < f(A) G B(X) is defined by a certain Cauchy integral formula, see 
(12. 8p . Secondly, under certain conditions, A has a bounded H°° calculus, which means that 
there is an extension to a bounded homomorphism H 00 ^^) — > B(X), f y f(A). Note that 
if°°(£ w ) is a subclass of T-L a . In Lemma [4.31 it will be shown in particular that an extension 
of the H°° calculus to a bounded homomorphism u : % a — > B(X) is unique. 
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For any such mapping u and n E N, we now consider the linear tensor extension 

' M n ®U a ^M n (g)B(X) 
a® f i — y a <8) u(f) 



where M n is the space of n x n scalar matrices. We will equip both M n ®% a and M n ®B(X) 
with suitable norms. In fact, 7-L a will become an operator space (see Section 4), M n ®B[X) = 
BfjU^QzX) if X is a Hilbert space, and if X is a Banach space, M n ®B(X) = I?(Gauss n (X)) 
carries the norm induced by an action on X-valued Gaussian random sums. We call u 
matricially 7-bounded in this article if 

(1.4) |MLat-7 = sup ||m„|| < 00. 

nGN 

This is in general strictly stronger than ||w|| < 00 (see Proposition 15.91) . and is related to 
the following two well-known boundedness notions, explained in Section [2J First, if X is a 
Hilbert space, then (jl.4p is equivalent to the complete boundedness of u, and second, if X 
is a Banach space, then fll .4jl entails that the set of spectral multipliers {u(f) : ||/||w a < 1} 
is 7-bounded. 

The main result reads as follows. 

Theorem 1.1. Let X be a space with property (a). Let A be a O-sectorial operator on X 
with bounded H°° calculus. Let a > |. Then the following are equivalent. 

(1) The square function estimate ( 11 .31) holds. 

(2) The H°° calculus mapping / 1— >■ f(A) extends to a homomorphism u : 7-L a — y B(X) 
which is matricially 7-bounded. 

Theorem 11.11 entails a spectral multiplier theorem in the following situations: The space 
X = L P (Q) for p E (1, 00) has property (a). If (O, /i) is a <i-dimensional space of homogeneous 
type, e.g. a sufficiently regular open subset of M d with Lebesgue measure /1, and A is self- 
adjoint positive on L 2 (Q) such that the corresponding semigroup exp(— tA) has an integral 
kernel k t (x, y) that satisfies the Gaussian estimate for some m EN 

(1.5) \h(x,y)\ < Cfi(B(x,t^)y l exp (-c{dist{x,y)/t^)^) {x,yEtt,t> 0), 

then A has a bounded H 00 calculus on X [T3J Theorem 3.4], jH Corollary 2.3]. This is indeed 
the case for many operators listed before fll.2p Section 2]. Moreover, the mappings u from 
fll.2p and Theorem 11.11 (2) are the same, so that we obtain as a corollary 

Corollary 1.2. Assume that A is a self-adjoint positive operator on L 2 (Q) satisfying (11. 5p . 
Let a > I and p E (1, 00). If A satisfies the square function estimate 



;i.6) 



(J \(l + t 2 )- a ' 2 A u x\ 2 dt^ 



^ C J J x J J p, 



then for any / E the spectral multiplier f(A) is bounded L P (Q) —y L P (Q). 

In Proposition 15.91 we will show a partial converse of Corollary 11.21 More precisely, ( 11.2j) 
implies that a restriction to a smaller Hormander space Hr is matricially 7-bounded. 
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Let us close the introduction with an overview of the rest of the article. In Section |2J we 
give the necessary background of the above mentioned notions of matricial norms, square 
functions, Gaussian random sums and functional calculus. Matricially 7-bounded mappings 
and the connection to square functions are explained in Section [3] Section @] is devoted to 
homomorphisms u : H a — > B(X) and the connection to H°° functional calculus. Moreover 
Theorem 11.11 is proved. A main ingredient is to deduce a spectral decomposition of Paley- 
Littlewood type, see (14. 6p . under the hypotheses of Theorem 11.11 In Section [5j we discuss 
some extensions and applications. Firstly, the square function estimate in terms of imaginary 
powers A lt in Theorem 11.11 has several equivalent and almost equivalent rewritings in terms 
of other typical square functions, involving the analytic semigroup 

(1.7) Ahxp{-te ie A)x . < C(^r - \9\)- p \\x\\ {6 £ (-tt/2, tt/2)) , 



,x) - y 2 



or resolvents 



(1.8) \\A*R(e% A)x\U (R+ , x) < C\9\- \\x\\ (9 £ (-vr, vr)\{0}) . 

We have (JO) (O]) and (JTSJ for a < (3, and conversely, flT7]) or (THHD (OJ for a > (3. 

Secondly, we discuss Theorem 11.11 in the presence of generalized Gaussian estimates (see 
Assumption I5.5p . which in particular covers semigroups satisfying ( jl,5p . This is a well- 
studied property in connection with (Hormander) functional calculus, see e.g. [I2~| HI]. In 
particular, we show the square function assumption of Corollary 11.21 in the form of (11.7|) and 
improve the derivation order of the Hormander theorem from a > ~ + | as proved in [3] to 

a > d — I + |. We finally discuss the connections and differences between matricially 7- 

bounded Hormander calculus and bounded Hormander calculus. The last Section [6] contains 
some technical proofs of Section HI 

2. Preliminaries on Operator spaces, Gaussian sums, Square functions and 

Functional calculus 

We will need in different contexts cross norms on a tensor product of two Banach spaces. 

Operator spaces. A Banach space E is called operator space if it is isometrically embedded 
into B(H), where if is a Hilbert space. Let M n denote the space of scalar n x n matrices. 
What makes operator spaces different from mere Banach spaces is that there is a specific 
collection of norms on M n <g> E, the operator space structure of E. Namely for all n 6 N, it 
is equipped with the norm arising from the embedding M n ® E B(£^(H)), [<Zy] <8> x 1— > 

(m=i^(e;=i^(^))? =1 ). 

Let E and F be operator spaces and u : E — >■ F a linear mapping. For any nGN, let u n 
be the linear mapping M n ® E — > M n <S> F, a ® x ^ a ® u(x). Then u is called completely 
bounded (completely isometric) if ||w|| c & = sup ngN ||u n || < 00 (for any n G N, u n is isometric). 

Clearly, any space B(H) itself is an operator space, so in particular M m = Bifi^) is. 
Further we will consider the Hilbert row space ^ — {h 1— > (h,x)e : x £ £ 2 } C B(£ 2 ) where 
e £ £ 2 is a fixed element of norm 1 and (h, x) is the scalar product. Different choices of e give 
isometric norms of M n ^)£ 2 and £ 2 is isometric to £ 2 as a Banach space. We shall also consider 
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the m- dimensional subspaces C These are completely isometrically determined by 
the following embedding, which also explains the name of row space: 



( a x ... a m \ 
... 



(2.1) i m : £ m ^ M m , (oi, . . . ,a m ) \-t 

\ ... J 

We refer to the books [IHJ EE] for further information on operator spaces. 

7-bounded sets, property (a) and square functions. We let fl be a probability space 
and (7fc)fc S z a sequence of independent standard Gaussian random variables on Q. For a 
Banach space X, we let Gauss(X) be the closure of span{7fc <g> Xk : k G Z} in L 2 (Q; X) with 
respect to the norm 



(2.2) 



Gauss (X) 



y^7 fc (cu)x fc 



k=l 




It will be convenient to denote Gauss n (X) the subspace of Gauss(X) of elements of the form 
Note that if X is a Hilbert space, then 



I Gauss n (X) 



E 



(2.3) II 7^7fc ® ^fc| 

fe fc=i 

A collection r C B(X) is called 7-bounded if there exists C > such that 







< c 


7fc ® %k 






Gauss(X) 


k 



Gauss (X) 

for any finite families T 1; . . . ,T n G r and 37, . . . , x n G X. The least admissible constant is 
denoted by j(t) (and 7(7") : = 00 if such a C does not exist). Note that a 7-bounded set is 
automatically uniformly norm bounded, since one has j(t) > sup Ter ||T||. For a, r C B(X) 
and a or = {SoT : S 1 G a, T G r}, one has 7(0" o r) < 7(cr)7(r). The set r = {aidx : a G 
C, |a| < 1} is 7-bounded with constant 1. 

We say that X has property (a) if there is a constant C > 1 such that for any finite family 
(xjj) in X, we have 



( 2 - 4 ) TdE^'^ILusspo < 



Gauss(Gauss(X)) 



^llGauss(X)' 



'J 



'J 



where 7^ is a doubly indexed family of independent standard Gaussian variables. Property 
(a) is inherited by closed subspaces and isomorphic spaces. The LP spaces have property (a) 
for 1 < p < 00 and moreover, if X has property (a), then also L P (Q;X) has. Property (a) 



6 



CH. KRIEGLER 



is usually defined in terms of independent Rademacher variables e«, i.e. Prob(ej = ±1) = | 
instead of Gaussian variables [37]. In analogy with (12. 2p . we define Rad(X) C L 2 (Q;X) by 



IE 



Rad(X) 



^e k (uj)x k 



k=l 




It turns out that the two definitions are the same: 

Lemma 2.1. The property (12.41) is equivalent to the following equivalence uniform in finite 
families (xij) in X. 

( 2 - 5 ) II ® € 3 ® Xi j|lRad(Rad(X)) = 1 1 1 1 Rad(X) ' 

Proof. First observe that the Schatten classes S p for p G (1, oo)\{2} are spaces which do not 
satisfy ( 12. 4 p nor ( 12. 5p . This is shown in [37] for the Rademachers. On the other hand, S p 
has finite cotype, which implies that on this space, Rademacher sums and Gaussian sums 
are equivalent [TO] Theorem 12.27], i.e. 

(2.6) || ^7fc ® ^HcausspO = || J^Cfc (g)X fc || Rad ( X ), 

fcG-F fcS-F 

uniformly in F C Z. From this one easily deduces that (12 ,4p does not hold. 

Next observe that by the Banach-Mazur theorem and [TOl Theorem 3.2], S p (in fact any 
Banach space) has the property that all finite dimensional subspaces are isomorphic to a 
subspace of some with one fixed isomorphism constant. This implies that £°° does not 
satisfy flZ3) nor ( T23j) . 

Therefore, by the characterization of finite cotype in [TOJ Theorem 14.1], a space X sat- 
isfying (12. 4p or ( 12. 5 p has finite cotype. As cited above, Rademacher and Gaussian sums are 
then equivalent, so the corresponding expressions in (I2.4p and ( 12. 5 p are, which shows the 
lemma. □ 

We recall the construction of Gaussian function spaces from [23], see also [221 Section 1.3]. 

Let if be a separable Hilbert space. We consider the tensor product H <g> X as a subspace 
of B(H,X) in the usual way, i.e. by identifying Xwc=i hk ® Xk £ H ® X with the mapping 
u : h (->■ X/fc=i(^) ^fc) x fc f° r an y finite families hi, . . . ,h n G if and Xi, . . . , x n G X. Choose 
such families with corresponding u, where the hk shall be orthonormal. Let 71, . . . ,j n be 
independent standard Gaussian random variables over some probability space. We equip 
H (g) X with the norm 

\\ U h H ,X) = E^® Xfe llGauss(X)- 
k 

By [TO] Corollary 12.17], this expression is independent of the choice of the h k representing 
u. We let 7 (if, X) be the completion of H®X in B(H,X) with respect to that norm. Then 
for u G 7(ii,X), ||w|| 7 (h,x) = ||X)fc7fc ® M ( e fc) lloauss(x)' wnere the form an orthonormal 
basis of F [231 Remark 4.2]. 
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A particular subclass of 7 (if, A") will be important, which is obtained by the following 
procedure. Assume that (fi, ft) is a cr-finite measure space and H = L 2 (Q). Denote P 2 (Q,X) 
the space of Bochner-measurable functions / : Q — > X such that x' of g L 2 (Q) for all x' G X'. 
We identify P 2 (Q,X) with a subspace of B(L 2 (Q), X") by assigning to / the operator uj 
defined by 

(2.7) (u f h,x')= [ (f(t),x')h(t)dfi(t). 

Jn 

An application of the uniform boundedness principle shows that, in fact, Uf belongs to 
B(L 2 (Q),X) [231 Section 4], pH Section 5.5]. Then we let 

7 (fi, A) = {fe P 2 (n,X) : u f G l(L\Q), X)} 

and set 

||/|| 7 (n,x) = \\ u f\\-y(L 2 (n),x)- 
The space {uf : / G 7(0, X)} is a dense and in general proper subspace of 7(L 2 (f2),A). 
Resuming the above, we have the following embeddings of spaces, cf. also [311 Section 3]. 

L 2 (n) & x 7 (n, x) 7 (L 2 (fi), a) B(L 2 (n), x). 

In some cases, 7(L 2 (f2), A) and 7(f), A) can be identified with more classical spaces. If A 
is a Banach function space with finite cotype, e.g. an L p space for some p G [1, 00), then for 
any step function / = Y^k=i x kXA k : — > A, where Xk G A and the are measurable and 
disjoint with fi(Ak) G (0, 00), we have (cf. [231 Remark 3.6, Example 4.6]) 



fi(A k )ix k =J|(£M40|s*l 2 ) = ( I \f(t)(-)\ 2 dn(t)) 

Gauss(X)ll \ J X \J Q J 



7(H,X) = ||Z^ 7fc 

k y " J \ k 



X 



The second equivalence follows from [TQj Theorem 16.18]. The last expression above is a 
classical square function (see e.g. [HI Section 6]), whence for an arbitrary space A, ||u|| 7 (h,x) 
is called (generalized) square function [231 Section 4]. In particular, if A is a Hilbert space, 
then 7(f2, A) = L 2 (Q, A) with equal norms. 

We have the following well-known properties of square functions. 

Lemma 2.2. Let (fl, ft) be a cx-finite measure space and A a Banach space with property 
(a). 

(1) Suppose that f n , f G P 2 (Q, A) and f n (t) — > f(t) for almost all t G f2. Then ||/|| 7 (n,x) < 
liminf n ||/ n || 7 (n,x)- 

(2) Let K G B(H 2 , H\), where H\ : H 2 are separable Hilbert spaces. Then for u G 
7(i?i, A) we have uo K £ 7(^2, A) and ||w o i^|| 7 (H 2) x) < Il u ll7(-H' 1 ,x)|| A||. 

(3) If f2 — 7- -B(A), t 1 — y N(t) is a strongly continuous map such that r = {N(t) : i G fi} 
is 7-bounded, and / G 7(^,A), then ||A- /|| 7 (n,x) < l{r) ||/|| 7 (n,x)- 

Proof. As A has property (a), it does not contain Co isomorphically. Using this fact, a proof 
of (1) can be found in [33J Lemma 4.10], or in [421 Proposition 3.18]. For (2), we refer to 
[231 Proposition 4.3] or [421 Corollary 6.3]. Finally, (3) is proved in [231 Proposition 4.11], 
see also [4"2"1 Theorem 5.2]. □ 
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Sectorial operators and H°° functional calculus. Let 9 G (0, ix) and A : D(A) C X — > 
X a densely denned linear mapping on some Banach space X. A is called ^-sectorial, if 

(1) The spectrum <j(A) is contained in 

(2) For all u > 9 there is a C u > such that ||A(A - Ay 1 ]] < C w for all A G YTJ . 

(3) R(A) is dense in X. 

We call A 0-sectorial if it is 6*-sectorial for all 9 > 0. In the literature, property (3) is 
sometimes omitted. It entails that A is injective [2HJ Proposition 15.2]. For such an operator 
A and / G H™(E U ), oj G (9, n), one defines the operator 



(2.8) f(A) = ±-[ fixyX-Ay'dX, 

11X1 JdY. (e+ul)/2 

where <9E(e+ w )/2 is the sector boundary which is parametrized as usual counterclockwise. 
It is easy to check that f(A) is bounded and that u : iJ^°(S w ) — > B(X) is a linear and 
multiplicative mapping. Suppose that there exists C > such that 

(2-9) \\f(A)\\ <C||/|U (/eTO). 

Then there exists an extension of u to a bounded mapping if 00 ^^) — >■ £>(X), / i-> /(A), 
satisfying the so-called Convergence Lemma [HI Lemma 2.1]. 

Lemma 2.3. Let (f n )nen be a sequence in if°°(E ti; ) such that sup ngN ||/n||oc,w < 00 an d 
/n(A) — > /(A) for all A G S u and some / (which then necessarily belongs to H°° Then 
f(A)x = limn^oo f n (A)x for any i6l 



OJJ ) 



Note that the extension is uniquely determined by Lemma T2.3I since for any / G H°°(E, 
(2.10) / n (A) = /(A)(A/(l + A) 2 )" 

is a sequence in if^°(S w ) approximating / in the sense of that lemma. As a consequence, 
if (12. 9p is satisfied, then it also holds for any / G £P°(E W ). In this case, we say that A 
has a bounded if 00 ^^) calculus, or without precising the angle uj G (9,ir), a bounded H°° 
calculus. 



3. Square function estimate and matricially bounded homomorphism 

Throughout the section, we let X be a Banach space. For any n G N, we identify M n ® 
B(X) with £>(Gauss n (X)) by associating [a^] <g> T G M n <g> B(X) with the operator 

n n 

(3.1) $^ 7fc ® Xfc ^ 7fe ® a kj T (xj)- 

k=l k,j=l 

Via this identification, we get a norm on the tensor product space, which we note by M n £g) 7 
B(X). 

Definition 3.1. Let E be an operator space. Let further u : E — )■ B(X) be a linear mapping. 
We call it matricially 7-bounded, if idM„ ®w : A^n <8> E — > M n £g> 7 B(X) is bounded uniformly 
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in n G N, i.e. if there is a constant C > such that for any nGN, 

n n 
i,j=l i=l 

We denote the least admissible constant C by ||w|| ma t-7- 

Remark 3.2. 

(1) If u : — > B(X) is matricially 7-bounded then 

(3.2) {u(x): ||x|| E <l} 

is 7-bounded. Indeed, from the definition of 7-boundedness in Section [2j we immedi- 
ately deduce that (13. 2p is satisfied if and only if idju n <8>«|d„®e is bounded uniformly 
in 11 e N, where D n C M n denotes the subspace of diagonal matrices. We call a 
linear mapping u 7-bounded if (13. 2 j) holds. 

(2) Assume that X is a Hilbert space. Then by (12. 3p . u is matricially 7-bounded if and 
only if u is completely bounded, and in this case, ||w|| c fe = ||w|| m at-7- 

A first example for Definition 13.11 is given by 

Proposition 3.3. For a given space X and m G N, consider 

0~m,X 

:M m ^M m ® 7 B(X), [dij] ' y [dij id x }. 

Then a m ^x is matricially 7-bounded with sup mgN ||cr m) x||mat-7 < 00 if and only if X has 
property (a). 

It is shown in Lemma 4.3] that the u m ,x are 7-bounded uniformly in m G N if and 
only if X has property (a) (with Rademachers in place of Gaussians). Actually the same 
proof applies to Proposition 13.31 

Mappings which are 7-bounded or matricially 7-bounded have been studied so far in 
connection with functional calculi and unconditional decompositions [271 EH] where E is a 
C(i^)-space and representations of amenable groups [31J, where E is a nuclear C*-algebra. 
We shall focus in this section on the row Hilbert space E = P T . 

Theorem 3.4. Let u : £ 2 — > B(X) be a bounded linear mapping. Assume that X has 
Pisier's property (a). For n G N, denote by C n C M n the subspace of matrices vanishing 
outside the first column. Then the following conditions are equivalent: 

(!) || u (-HI 7 (£2,x) ^ 

(2) u : £ 2 r — > B(X) is matricially 7-bounded. 

(3) The restriction idcgm : C n eg) t 2 T — > M n ® 7 B(X) is bounded uniformly in n G N. 

Proof. We fix an orthonormal basis (ek)k of £ 2 . Write = w(ejt). Then condition (1) of the 
statement rewrites 

n 

(3.3) = SU P|E^ ® T ^\\ G ,nss n (X) ^ C \\ X W- 



nGN 



k=l 
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On the other hand, for [/y] G M n <8> £ 2 , we have with /A- = (J^, e*.), 



||(i<W„<g>u)[/y 
Thus, condition (2) is equivalent to 

n m 

( 3 - 4 ) lEE^/fT^. 



"J||M„® 7 B(X) 



E4- )T * 



fc=l 



lM„® 7 B(Jf)" 



Gauss n (X) 



<c||[/, 



O'J l|M„ 



I Gauss n (X) ' 



i=l fc=l 



where = (fi^)k £ ^, and C is independent of n and m. Denote the linear bounded 
mapping Gauss„(X) — > Gauss n (X) arising from (13. 4p by ttn,m([/y])- Finally, condition (3) is 
equivalent to (13 .4p with /y = for j > 2. 

(1) (2) 

For m G N fixed, let K = Gauss m (X) and define the operators 

m m 

V:X-»y,j:i-> ^ 7 fc ® T fc x, W :Y ^ X, y^7fc <S> x fc i-» x x . 



i=i 



fe=i 



fc=i 



By assumption (I3.3p . V is bounded with constant C independent of m. Further, is bounded 
(see e.g. (2°j. (2.13)] for a simple proof). For n G N, denote 

K = id^2 ®V : Gauss n (X) -> Gauss n (E), 2J 7fc ® x fc H> 2J 7fc ® V(ajfe)- 

fc=i fc=i 



It is easy to check that ||V^|| = ||V||. Similarly, defining W n = id^2 ®W : Gauss n (E) — > 
Gauss n (X), one has ||W n || = ll^ll- Let i m : & mT — > M m be the first row identification as in 
(12. ip which is completely bounded of cfr-norm 1. Then by Remark 13.21 and Proposition 13. 3[ 
along with property (a), 7r m = o m ,x i m '■ -> B(M m <g> X) is a matricially 7-bounded 
mapping and sup mgN ||7r m || mat _ 7 < 00. For / = [/^ G M n g) ^ we have the identity 



fc=i 



Therefore, 

(/)||<||W n || ||K|| ||K(^-)]II < ll^ll ll^ll II TTm 1 1 mat-7 M„ 

so flUD follows. 

(2) =► (3) 

This is clear, since (3) is an obvious restriction of (2). 



(3) 
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Choose n = m 6 N and / = [fy] G M n <g> l\ r with fij = $ji e i, where (e«) is the standard 
basis of t\. By definition of the row norm, we have 



Mn 



^2(fik, fjk) 



\M„ 



2J^fci(e»,e 3 ) 

k 



1. 



As / is supported by the first column, by assumption (13.4p there is some C < oo such that 

C > \\Un )n (f)\\M n ®iB(X) 

T x ... 




Gauss„(X) 



: lE^®^llGauss„(X) ^ 1 



Gauss n (X) 



larll < 1 



Letting n — > oo shows that (I3.3P holds. 



□ 



Remark 3.5. Theorem 13.41 is a generalization of [30l Proposition 3.3], where X is an L p - 
space, and [T8| Corollary 3.19], where more generally X has property (a). There it is shown 
that condition (1) of the theorem implies that u : £ 2 — > B(X) is 7-bounded. (In these two 
references, u maps to B(Y,X) instead of B(X). A corresponding version of Theorem 13.41 
with B(Y,X) in place of B(X) holds with the same proof). 



4. The Hormander functional calculus 

Recall the spaces W a and T-L a and the dyadic partition of unity (</> n )nez from the intro- 
duction. Clearly the space W a is a Hilbert space. We equip H a with an operator space 
structure by putting 



(4.1) 



|[/ii]||M„(8l«« — SUp || [(pkfij] || M n ®W? 
k&L 



where the index r refers to the row space structure. It is easy to check that ( 14. ip indeed 
defines an operator space, arising from the embedding 

2 

n ° ^ fi (0 w a ), f H. ((g k ) kez H- ((g k , <J> k f)e) keZ ) , 



keZ 
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where W a is the Hilbert sum, and e is some fixed element in W a of norm 1. 

fcez 

In this section we focus on (unital) homomorphisms 

(4.2) u:H a B{X). 

We give a characterization when such mappings are matricially 7-bounded. An example of 
a bounded homomorphism of this type is given by Hormander's classical theorem mentioned 
in the introduction, which states that for a > ~, X — L p (M. d ) and p G (l,oo), the radial 
Fourier multiplier representation w_a : "H a — > B{X) given by 

(4.3) u- A {f)g = [f{\ ■ \ 2 )g] " = f{-A)g 

is bounded. In fact, by means of our characterization, we will show in Section that w_a is 
even matricially 7-bounded provided that a > ^tl. 

For nGN, let M n be the space consisting of n-times continuously differentiable functions 
/ defined on (0, 00) such that ||/||m™ = Sfc=o su Pt>o \t k f^ k \t)\ is finite. Let us record how 
W a , "H a , H 00 ^^) and the auxiliary space M n compare. The proof is an easy verification, 
see also [25l Lemma 4.15, Proof of Proposition 4.22, Proposition 4.9]. 

Lemma 4.1. Let oj G (0,7r) and a. > ~. 

(1) H°°(V u )^U a . 

(2) W a H a , where the embedding is completely bounded. 

(3) For any u G (0, vr), H 00 ^) n W a is a dense subset of W a . 

(4) M n n a for n > a. 

(5) H^CEu) is a dense subset of M n . Moreover, any / G W a nM n can be simultaneously 
approximated by a sequence {fk)km C H 00 ^) n 1¥ Q n M n . 

The main interest of M n is the following convergence lemma, which is proved in [251 Section 
4.2.4]. 

Lemma 4.2. Let u : M n — > B(X) be bounded such that u(f) = f(A) for some 0-sectorial 
operator A and any / G UtfefOTr) H°°(T:g). Let (0 n )nez be a dyadic partition of unity and 
(«n)ngz a bounded sequence. Then ^2 neZ a n (j) n belongs to M n and 



(4.4) 



^ a n u(4> n )x = u I a n 0„ J x (x G X). 

™ez VneZ / 



Many spectral multiplier theorems for Laplace type operators A consist in the bounded- 
ness of u in (14.21) . which in turn is the functional calculus ua of some 0-sectorial operator. 
For example, in the case of (14.31) one has A = —A. In the sequel we will only consider 
homomorphisms of the form u = Ua- The next lemma gives a criterion when this is the case. 

Lemma 4.3. Let to G (0, 7r). 

(1) Let u be a bounded homomorphism u : H a — > B(X). There exists a 0-sectorial 
operator A such that 

(4.5) u(f) = f(A) (/G/r°(£j), 
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if and only if the restriction of u to iP^E^) satisfies the Convergence Lemma [2.3[ 
i.e. for any f n , f G -£P°(£J with sup n H/JU^ < oo and / n (A) -)■ /(A) pointwise, 
we have u(f)x = lim n u(f n )x for any x G X. In this case, we write f{A) in place of 
u(f) for any / G H a . 

(2) Let A be a O-sectorial operator. Then there exists a bounded homomorphism u : 
H a -> £(X) satisfying g^D if and only if ||/(A)|| < C||/|| % «. (/ G H°°(Z W )). 
Moreover, u is uniquely determined by ( 14. 5p . 

Proof. (1) By Lemma [4.11 (1), only the "if" part has to be shown. Suppose that u : H a — > 
B(X) satisfies the Convergence Lemma 12.31 Since u is a homomorphism, one has u({X — 
-«((//- O -1 ) = (/i-A)M((A--)" 1 )M((/i--) _1 )foranyA,/iG C\[0,oo),i.e. m((A--) _1 ) 
is a pseudo resolvent [351 Definition 9.1]. By Lemma [2.31 w(A(A — ')~ l )x ~~ >* ^ f° r an y x £ 
and |A| — >■ oo. Thus, by [3"5"1 Corollary 9.5], there exists a densely defined operator A such 
that u{(\--)- 1 ) = (X — A)' 1 for A G C\[0, oo). Again by Lemma[231 + A)" 1 ^ for 

any £ G X and n — >■ oo. Thus, A has dense range [291 Proposition 15.2]. As u is a bounded 
homomorphism, it now follows that A is O-sectorial and for any rational function r G % a , 

ll r (^)ll ^ IMIw ^ lklloo,«- 

We claim that A has an if 00 calculus coinciding with u. Indeed, a given / G H^CE^), we 
write 



As f(X)(X — ) _1 : F K> (S u /4) is continuous, we find a sequence r n = J2k=i c kf(^k)(^k~ 

such that r„ — >■ / in H°°ill w j^), so in particular in 7-L a . Clearly, r n are rational func- 
tions. Inserting formally (•) = A in the Cauchy integral, the same arguments apply, and 
r n (A) -» f(A). We conclude u(f) = lim n u(r n ) = lim„r n (A) = f(A). 

We have shown that u(f) = f(A) for any / G ^(Sy). For a general / G H 00 ^^) we use 
the approximation (12.101) . 

(2) The "only if" part is clear and the "if" part is shown in [251 Remark 4.27]. Using density 
and Lemma I4TTT u is uniquely determined on W a and M n for any n > a. Thus u satisfies the 
decomposition (14.41) . Then for / G % a , we have u(f)x = u(f) Ylkei u ( < / ) fc) :r = Sfcez w (/0fc) x - 
As f4>k £ W a , we conclude the uniqueness of u. □ 

The strategy to prove matricial 7-boundedness of a mapping from l-i a to B(X) will be to 
show the matricial 7-boundedness from W a to B(X), and then to pass to H, a by means of a 
spectral decomposition, given by (14.61) in the following theorem. The restriction of the H°° 
calculus angle u> to (0, tt/4) is only for technical reasons. 

Theorem 4.4. Let X be a Banach space with property (a). Let a > |, u G (0, 7r/4) and A 
be a O-sectorial operator on X having a bounded H 00 ^^) calculus. Assume that 




-1 



dX. 



\\f(A)\\<C\\f\\ w 



(/6F°°(s u )nr) 
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and that the extension resulting from density u : W a — > B(X), f i— > f{A) is matricially 
7-bounded. Let (0 n ) ne z be a dyadic partition of unity Then 

(4.6) ||x|| = || J^7n ® 0n(-4)a;||Gaus S (X), 

the sum on the right hand side being convergent in Gauss(A). 

As the proof is rather long we separate four preliminary lemmas, whose proofs are annexed 
in Section [61 

Lemma 4.5. Let X have property (a), let a > |. Let A be as in Theorem 14.41 Then for 

P G N, (3 > a, 

z P 

(4.7) {exp(-2 k zA) : k G Z} is 7-bounded with constant < |— — | (Re z > 0). 

Lemma 4.6. Let A be a 0-sectorial operator on some Banach space X such that for some 
> 0, (H2H holds. Then for 7 = fi + 1, we have 

(4.8) i 

{\^(2 k A)^(\ - 2 fe A) _1 : k G z} is 7-bounded with constant < | argA|~ 7 (Re A > 0). 

Lemma 4.7. Let A be a 0-sectorial operator on some space X with property (a) having 
a bounded if°°(S aJ ) calculus. Assume that A satisfies (14.81) for some 7 > 0. Then for any 

n > 7, 

11/(^)11 <C||/IIm- 

Lemma 4.8. Let n G N. Let (gk)kez satisfy sup fceZ ||<7fc||M n < 00. Suppose that the supports 
of gk satisfy the following overlapping condition 

sup G Z : supp gk PI [-£, 2x] 7^ 0} < 00. 

x>o 2 

Then J2k€i,9k, which is consequently pointwise a finite sum belongs to M n , and 

II y^fffcllM" < SUp ||srfc||M» < OO. 

kez k& 

Proof of Theorem \4.4\ Using Lemmas 14. 51 !4.6l and l4.7l one after another shows that ||/(A)|| < 
II/Hm" f° r n sufficiently large (n > [a\ + 2). For any k G Z, let G {1,-1}. Apply Lemma 
14.81 with gk = a^k- It is easy to check that ||<7fc||M" is independent of k G Z. Further, the 
overlapping condition is clearly satisfied with constant 2. Thus we have, for any finite FcZ, 

|| y^ j a k (j) k (A)x\\ < || y^Qfc^fc|lM"||g|| < Ikll- 

Replacing a k by independent Rademacher variables and taking expectation gives 

|| J^e fc <g> 0fc(A)x|| Rad (x) < Ikll- 
fceF 

Since A has property (a), the equivalence of Gaussian and Rademacher sums (12.61) holds. By 
f)4.4p . J^fcez a k4>k{A)x converges in X. By dominated convergence (resp. (12.61) ). convergence 
holds also in Rad(A) (resp. Gauss(A)), when is replaced by (resp. 7^). 
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We have shown 



2_^lk <£> fa{.A)x\\ G;m ss(X) < 



For the reverse inequality, we argue by duality. Let x' E X', write E for expectation and 
^ = Sfct^-i By the support condition on the fafa = fa. Then using the independence 



of the 7^, we have 



E(^ 7fe ^(A)a;,^7^(A)y) 



We conclude the proof by the same argument as above which shows that 

# llGauss(X') ^ H^'ll • 

□ 

The main result of this section reads as follows. 

Theorem 4.9. Let A be a O-sectorial operator with bounded H°°(Ile) calculus for some 
6 E (0, 7r) on a space X with property (a). Let a > |. Then the following are equivalent. 

(1) For any x E X, (1 + t 2 )- a / 2 A u x belongs to 7 QR,X) and 

\\(l + t 2 )~^ 2 A u x\\^ x) <C\\x\\. 

(2) The H°° calculus of A extends to a matricially 7-bounded mapping u : T-L a — > B(X). 

Proof. Assume first that the theorem is shown under the additional assumption that 9 < f . 

For a general # G (0, 7r), we can reduce to this case by considering B = A\. Namely, by [T9"| 
Theorem 2.4.2], B has a bounded H 00 ^^) calculus for some u < f < |. Moreover, 

(1 + t 2 )-/ 2 S-x = (^7^) • (l + I) ^ A*x. 

The first factor is bounded, so its multiplication with an L 2 (R) function is a bounded opera- 
tion on L 2 (W). The same holds for its inverse, and also for the change of variables / h-> f(j), 
and its inverse. Thus, by Lemma 12.21 if A satisfies (1) then so does B, so B satisfies (2). 
As i7°°(S w ) ^ % a , B has an 00 calculus actually for any oj > 0, so by [T9J Theorem 
2.4.2], A has an H°°(Eg) calculus for some 9 < ? . The same is true, provided that A satisfies 
(2). Thus (1) or (2) imply that the assumption of the theorem actually holds with 9 < |. 
We suppose from now on that 9 < |. 

(1) =>■ (2). 

Fix an arbitrary orthonormal basis of L 2 (M). Let G B(X) be defined by 

(T fc x,x') = ^ / / fe (t)(l+t 2 )- a / 2 (^x,a;')^ 
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and v : £ 2 — > B(X) the linear mapping given by i— y Tj.. Then (1) implies 

IKO^II-y^ 2 ,*) = II y^ J lk®v{ek)x\\ Ga .uss{x) = || } J 7k®T k x\\G a .-aBs{X) = \\(l+t 2 )~% A^x]]-, < \\x\\, 

k k 

so that by Theorem 13.41 v : £ 2 — > B(X) is matricially 7-bounded. Consider the mapping 

w : W a -> £ 2 , f ^ (± J R (f oexpf(£)(l + t 2 ) a l 2 Tk{t)dt} . It is easy to check that w is 

unitary and consequently, u — v a w : — > B(X) is also matricially 7-bounded. On the 
other hand, u(f) = f{A) for any / G H°°(I]q) n W a . Indeed, by the representation formula 
in [251 Proposition 4.22], 



2n(f(A)x,x') = I (/oexp) {t){A il x, x')dt 

(f o exp)>)(l + t 2 ) a/2 (l + t 2 )~ a / 2 (A u x, x')dt 

= V / (/oexp)"(t)(l+t 2 ) a / 2 ^(t)rft(T fe x,x') 
k 

= 27r(u(f)x,x'}. 

Letn G NandF = [&] G M n ®H°°{^e). We show that || [^(A)]|| m „® 7 b(x) < ||[/d ||m„®w*. 
For iVeN consider 

-;v/d ... 

; '-.o 

... [^/y] 

By (14. ip . we have s\yp N \\F N \\M [2N+1)n ®w c ' — \\B\\M n ®u a - Observe first that for any scalars 



N 



e M {2N+1)n <g> w 



... , # n , by Theorem S31 with fc = J2i=k-i 



II X] ^/*i(^) x ill - II 5Z 7fe ® #^(AA)^II - II 5Z 7fc ® gMfiMui^XjW. 

i,j=i i,j=i fcez ij=i feez 

Replacing ^ by Gaussian variables and taking expectations shows that 



n 



(4.9) nX)Z)7<®fi(yii) 

Xj 1 1 Gauss n (X) — 
i,j=l k&L i,j=l fceZ 

Further we have 

n N 

|| ^ 7i®7fc®S(/ ii fc )n(0 fc )x j || G auss, l (Ga U ss(X)) 
i,j=l k=-N 

— II 5Z 7ifc ® ?i (/*i^fc) ?i (?fc) a; illGauss(X) 

^ H-^iv||M (2W+1)n ®W«|| J^7i,fc ® M(0 fc )Xi|| G aus S (X) 
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(4-10) < \\F\\ Mn ®H<*\\^2li® XihausBniX)- 

i 

Finally taking the supremum over iV G N, ( 14. 9 p and (14.101) give 

\\[fiM)}\\ 

In particular, ||/(A)|| < ||/||^a, so that by Lemma [4731 there exists a bounded mapping 
u : H a — > B(X) extending the H°° calculus in the sense of (14. 5p . Now repeat the above 
argument with an arbitrary F = [fy] G M n <g> 7-L a and u(fij) in place of fij(A), to deduce 
that u is matricially 7-bounded. 



(2) ==>- (1). Denote u the restriction of u to W a which by Lemma [4.11 is again matricially 
7-bounded. Thus also the mapping v = uow~ l from the first part of the proof is matricially 
7-bounded and by Theorem EZ1 ||(1 + t 2 )- Q / 2 A^x|| 7(RiX ) < C||ar||. □ 



5. Extensions and Applications 

We have characterized in Theorem 14.91 the matricially 7-bounded Hormander calculus 
in terms of square functions of A. In fact, the imaginary powers A ls appearing in these 
square functions can be replaced by several other typical operator families associated with 
A, such as resolvents R(X, A) for A G C\[0, 00) and the semigroup generated by —A, T(z) = 
exp(— zA) for Rez > 0. This gives (almost) equivalent conditions, see Proposition !5.2l below. 
Subsequently, we use the semigroup condition of this proposition to apply Theorem 14.91 
to some examples. The starting point for us will be semigroups that satisfy (generalized) 
Gaussian estimates (see (IGEp ). 

The following lemma serves as a preparation for Proposition 15.21 

Lemma 5.1. For i = 1,2, let (Qi, //j) be cr-finite measure spaces and K G B(L 2 (Qi), L 2 (^2))- 

(1) Assume that / G 7(^1, X) and that there exists a Bochner-measurable g : ^2 — > X 
such that 

(g(.),x') = K((f(.),x')) (x'eX'). 
Then g G 7(^2, -X") and 

\\g\U(n 2 ,x) ^ \\ K \\ 1 1 ill 7(^1, 

(2) Let Qi ->■ B(X), t h-> N(t) and fi 2 -> B(X), t ^ M(t) be weakly measurable. 
Assume that ||iV(-)x|| 7 < C\\x\\ and that there is K G B(L 2 (fli), L 2 (fl 2 )) such that 
K [(N(-)x, x'}] = (M(-)x,x f ) for x G D, where D is some dense subset of X. Then 
M{-)x G 7(^2, X) for any x G X and ||M(-)x|| 7 < \\N{-)x\\ T 

(3) Let (fl, /i) be a measure space and g : — > X measurable. For n G N, let ip n : Q — > 
[0, 1] measurable with YlnLi ¥n(t) = 1 for all t G Q. Then 

lb|| 7 (f},X) < ||^n^|l7(n,Jf)- 
n=l 
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Proof. (1) By assumption, g G P 2 (Q 2 ,X). Consider the associated operator u g : H — > X as 
in §Z7B). We have u g = u f oK'. Thus, by Lemma[221 IKII 7 (z,2(fi 2 ),x) < \\K'\\ \\u f \\ j{L 2 {ni):X ), 
which proves (1). 

(2) We show first that M(-)x belongs to P 2 (Q 2 ,X) for any x G X. For x G D, this follows 
immediately from the assumption. For x G X, we let x n G D such that rr n — > x (n — )■ oo). 
Then (M(t)x,x') = \im n (M(t)x n ,x') for any t G fi 2 . On the other hand, {M(-)x n ,x') is 
convergent in L 2 (Q 2 ). Indeed, 

\\{M(-)(x n - x m ),x')\\ L 2 {n2) = \\K [(N(-)(x n - x m ),x')] \\ l ^(q 1 ) 

< \\N(-)(x n - x m )|| 7 \\x'\\ < \\x n - x m \\ \\x'\\, 

which converges to (n, m — > oo). Thus, (M(-)x,x') the pointwise limit, so necessarily 
equal to the L 2 limit, belongs to L 2 (Q 2 ). Consequently, by (1) and Lemma \2. 21 ||M(-)x|| 7 = 
lim n ||M(-)x n || 7 < \\K\\ lim n ||iV(-)a: n || 7 = \\K\\ ||iV(-)x|| 7 , which shows (2). 

(3) For n G N, put n = Y^k=i V 9 ^- Then n : Q — > [0, 1] and (j> n {t) — > 1 monotonically for all 
t G Q. Then sup n ||0 n #|| 7 < sup n ^ =1 \\ipkg\U = J2T=i WVkQWj- It remains to show ||#|| 7 < 
sup„ H^n^l^- Let us show first that g G P 2 (Q,X), i.e. for any x' G X', (g(-),x') G L 2 {VL). By 
assumption, we have \{g(t),x')\ = lim n (f) n (t)\(g(t),x')\ for any t 6 O, and this convergence is 
monotone. Then by Beppo Levi's theorem, 

\\(g(-),x')\\L 2 (n) = lim \\((f)n(-)9(-),x'}\\ L 2 {n) < limsup ||0„ • g-H^n^lk'H- 

n n 

where we have used that || (/(•), ^')IU 2 (n) < H/I^fvr) ll^'ll f° r an y / £ 7(^>^0- Thus we 
have shown that g G P 2 (Q,X). Then by Lemma [2.21 

IMI 7 (fV0 ^ hminf \\<f> 

n n 

□ 

Proposition 5.2. Let A be a 0-sectorial operator having a bounded if 00 calculus on some 
space X with property (a). Let a > |. Consider the following conditions. 

Hormander functional calculus 

(1) The H°° calculus of A extends to a matricially 7-bounded mapping T-L a — > B(X). 

Imaginary powers 

(2) \\(l+t 2 )^ 2 A^x\\^ x) <C\\x\\. 

Resolvents 

(3) For some (3 G (0,1) and 6 G (-7r,7r)\{0} : \\t^A l ^R{e ie t, A)x\\ j(ft+>dt/i) x) < I^MMI- 

(4) For some (3 G (0, 1), 9 G (0, vr] : || \\B\ a -^ A 1 ^ R{^% A)x\\ l{u+ xl-e ,e ],dt/td9,x) < \\x\\ 

Analytic semigroup 

(5) For e (_|, |) j ||A 1 /2 T ( e ^)x|| 7(R+i(it!X) < (f - |0|)- a ||o;||. 

(6) ||(l+|f|V 2 |a|~^ 1/2 r(a + i6)x|| 7C R +xR>da<fti x) < Ml- 
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Then the conditions (1), (2), (4), (6) are equivalent. Further these conditions imply the 
remaining ones (3), (5), which conversely imply that the H°° calculus of A extends to a 
matricially 7-bounded homomorphism "H Q+<E — > B(X) for any e > 0. 

Proof. (1) (2). 
This is Theorem 14.91 

(2) <=► (4). 
Consider 

(5.1) K : L 2 (M, da) -» L 2 (R x (-tt, tt), dsdB), f(s) (tt - 1— e fa < 3 )"/( s ), 

where we write in short 

( S ) = (l + |,| 2 )i 

Note that | sin 7r ( /5 +is)| = cosh(7rs) for (3 G (0,1) fixed. K is an isomorphic embedding. 
Indeed, 

2 



\\Kf\\l = / / ((tt - \o\y-\f) de— T ——-—(sr\f(s)\ 2 ds 

JrJ-k v 1 I sin (tt(/3 + zs))| 

and 



7T 



cosh 2 (7r S ) r e 2a - l e 26 ^de. 

Jo 



The last integral is bounded from below uniformly in s G R, and for \s\ > 1, 

«2|s[tt 



e**-i e x>\s\ d e = (2\s\)- 2a f 'V^e^ 



-2a 



This clearly implies that ||if/||2 = H/lh- Applying Lemma [5.11 we get 



I (5) Q A is a;|| 7(Ri(iSiX) 



COsh(7Ts) 



-y(Rx(-K,iT),dsd6,X) 

In [291 P- 228 and Theorem 15.18], the following formula is derived for x G A(D(A 2 )) and 



< 7r : 



(5.2) Z ^ ds A is x = r t is WeWA-He*t + AT x x\ -. 

v 1 sm7r(/3 + zs) Jo * 

Note that A(L>(v4 2 )) is a dense subset of X. As the Mellin transform f(s) ^ J o °° t is f(s)^ is 
an isometry L 2 (1R + , ^2) -> L 2 (1R, cffc), we get by Lemma O (2) 

||( S )-^x|| 7(RjX) - || (tt - |e|)*-^A 1 ^(e^ + ^)^|| 7(K+X( _^ )if ^ x) 

= \\\e\ a -^A 1 - fi R{e\A)x\\^ x( o,2 K ),dt/tdB,x)- 
so that (2) ^ (4) for 6 = it. 
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For a general 9 £ (0, vr], consider K from (15.11) with restricted image, i.e. 

K : L 2 (M, tZs) -»■ L 2 (M x (-tt, -(tt - 0„)] U [tt - 0„, tt), cfedtf). 
Then argue as in the case 8 = tt. 

(4) <=► (6). 

The proof of (2) <^ (4) above shows that condition (4) is independent of 9 G (0, tt] and 
f3 G (0, 1). Put 9q = n and = \- The equivalence follows again from Lemma [5. 1[ using the 
fact that for 9 G (— §, f ) and /i > 0, 

(5.3) (e*V + = tf[exp(-(Oe*^X(o, o)(0](*)> 

where K : L 2 (IR, ds) — > L 2 (R, d£) is the Fourier transform. 

(3) ^ (5) for = i. 

We use the same argument as right above. 

(2) => (3). 

We use a similar Kg as in the proof of (2) (4), fixing 9 G (— 7r, 7r) : 



K e : L 2 (M,rf S ) L 2 (M,d S ), f(s) M- (tt - |0|)«__i__ e «»< s )«/( s ). 

sm7r(p + zs) 



We have 



sup II^H = sup ( a » - . < sup( S (7r - \9\)re~^-^ < oo. 

|0|Or |e|<7r,s6R I SIB 7r(/3 + is) | 

Thus, by (IP]) . 

sup l^ril^ 1 -^^,^)^!!^,^) = sup(7r-|e|) a ||^A 1 ^(e^ + A)- 1 a;|| 7(R+ d ix) 

0<|6»|<7r |0|<tt V * ' 

(5-4) = su P (tt - \9\r\\ , % e fl M"x|| 7(R ,^) 



< 



(s) Q A is x|| 7(RidSjX) . 



(3), a (2), a + e. 

First we consider (s) _<Q+e )A iS x for s > 1. 



(5-5) ||( S }- (a+e) ^|| 7{[l!00)jX) < 5^2— ||( S )-^|| 7([2 „ j2n+1]jX) . 



n=0 



For s G [2 n ,2 n+1 ], we have 



(s)- a <2- na <2- na e~ 2 ~ ns < (tt - 9 n ) 



a 



e 



sin 7r(/3 + is) 
where 0„ = 7r — 2 _n . Therefore 

||( S )-^x|| 7([2 . 2 n +1] , x) < (tt - ^)1l sin7r( ^ + . g) e^x 
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< sup \9\ a \\^A 1 ^R(te t9 } A)x\\, {R+W) <oo. 

0<\9\<n 

Thus, the sum in (j5.5p is finite. 

The part (s)~( a+ ^ A ls x for s < — 1 is treated similarly, whereas || (s)~ a A ls x\\yU-i ! i) ; x) — 
\\ A ls x\\^ ft -i^xyx) ■ It remains to show that the last expression is finite. We have assumed that 
X has property (a). Then the fact that A has an H°° calculus implies that {A ls : \s\ < 1} 
is 7-bounded [231 Corollary 6.6]. Then by Lemma 12.21 (3), we have IIA'^l^-i^j) < 
7({A-:| S |<l})||l|| L2( _ 1 , 1) ||x||. □ 

Condition (5) of the preceding proposition can be checked in the following way. 

Lemma 5.3. Let A be a O-sectorial operator on a space X with property (a) having an H°° 
calculus. If for some /3 > 

(5.6) {T {te ±i{ ^- e) ) : t > 0} is 7-bounded with constant < O' 13 , 

then WA^Tie^-otyxW^n^x) < 9~ a \\x\\ with a = p + |. 
Proof. Decompose 




where the reals s and r are uniquely determined by t and 9. We have s(t,9) = K,(9)t with 
re(0) = 9. Then by Lemma E21 

||A5T(te ±i( i- 0) )a;|| 7(M+i x) = ||r(re ±i ^-5))A3r(s)x|| 7CR+ ,x) 

< 7 ({T(re ±l (f -D) : r > 0}) ||^T( S (t, 9))x\\ j{R+ , x) 

<(9/2)^9-^\\A^T(t)x\\ l( M + , x) . 
By (JO} and [231 Theorem 7.2], ||A2T(*)a:|| 7(B+jX) = \\As(it- A)- 1 

x \\i(R,x) — C|l x ll> which 

finishes the proof. □ 

Let us now turn to some examples. 

Definition 5.4. Let Q be a topological space which is equipped with a distance p and a 
Borel measure \x. Let d > 1 be an integer. Q is called a homogeneous space of dimension d 
if there exists C > such that for any a; G Q, r > and A > 1 : 

n(B(x,\r)) < C\ d fi(B(x,r)). 

Typical cases of homogeneous spaces are open subsets of R d with Lipschitz boundary and 
Lie groups with polynomial volume growth, in particular stratified nilpotent Lie groups (see 
e.g. rjBl). 

We will consider operators satisfying the following assumption. 

Assumption 5.5. A is a self-adjoint positive (injective) operator on L 2 (Q), where Q is a 
homogeneous space of a certain dimension d. Further, there exists some po G [1, 2) such that 
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the semigroup generated by —A satisfies the so-called generalized Gaussian estimate (see 

e.g. (GGE)]): 

(GGE) 

\\XB(x,r t )e~ tA XB(y,r t )\\ P0 ->p' < Cfi(B(x, r t )) ^ ™ exp (-c {p(x,y) /r t )^j (x,y E Q, t > 0). 

Here, p' Q is the conjugated exponent to po, C, c > 0, m > 2 and r t = t™, denotes the 
characteristic function of 5, B(x,r) is the ball {?/ G Q : p(y,x) < r} and HX-Bi^X^IIpo^Pq = 
^PII/IIpo^ 1 ' t (xb 2 /)IU- 

If Po = 1, then it is proved in [6] that (1GGEI) is equivalent to the usual Gaussian estimate, 
i.e. e~ tA has an integral kernel k t (x,y) satisfying the pointwise estimate (cf. e.g. [Tl| 
Assumption 2.2]) 

(GE) \k t (x, y) | < p(B(x, t^y 1 exp (-c (p{x, y)/t±)™) (x,yeQ,t>0). 

This is satisfied in particular by sublaplacian operators on Lie groups of polynomial growth 
[B] as considered e.g. in [32} [7J [lj [12], or by more general elliptic and sub-elliptic 
operators [SUM], and Schrodinger operators [35]. It is also satisfied by all the operators in 
[12 Section 2]. 

Examples of operators satisfying a generalized Gaussian estimate for p > 1 are higher or- 
der operators with bounded coefficients and Dirichlet boundary conditions on domains of M. d , 
Schrodinger operators with singular potentials on M. d and elliptic operators on Riemannian 
manifolds as listed in [H Section 2] and the references therein. 

Theorem 5.6. Let Assumption 15.51 hold. Then for any p e (po,p'o), the H°° calculus of A 
extends to a matricially 7-bounded homomorphism 7-L a — y B(L P (Q)) with 

1 1 1 
p~ ~2 + 2' 

Proof. We show that (15. 61) holds with (3 = d(^ — ~). By [51 Proposition 2.1], the assumption 
(IGGEp implies that 

\\XB(x,r t ) e ~ tA XB(y,r t )\\ P0 ^2 < Cip,(B(x, r t )) 5 ~w exp(-ci (/>(:£, y)/r t ) ^) (x,y e Q, t > 0) 

for some C\, c\ > 0. By [U Theorem 2.1], this can be extended from real t to complex z = te td 
withfle (-|,|) : 

\\XB(x,r z )e~ zA XB{y,rz)\\ P0 ->2 < C 2 n(B(x, r z )) * ~ to (cos 0) _d( to ~ a } exp(-c 2 y)/r*) ) , 

for r z = (cos6>) ~t™, and some C*2,C2 > 0. By [5], Proposition 2.1 (i) (1) =^ (3) with i? = 
e _2j4 , 7 = a = - — \, (3 = 0, r = r 2 , u = po and u = 2|, this gives for any x G Q, Re z > 
and fceN 

. 1 1 j( 1 1 \ m 

\\XB(x,r z )e~ z XA(x,r z ,k)\\ P0 ^2 < C 3 /j,(B(x,r z )) 2 to(cos6') p ° 2j exp(-c 3 fc~), 
where A(x,r z ,k) denotes the annular set B(x,(k + l)r z )\B(x,kr z ). By [2S1 Theorem 2.2 
with g = Po, Qi = s = 2, p{z) = r z and S(z) = (cos^)^™ ^e~ zA ] and property (a), we 



a > d 
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deduce that 

{{cose) d{ ^'^e~ zA : Rez > 0} 
is 7-bounded. Now apply Lemma [5731 and Proposition 15. 2\ noting that A has an H°° calculus 



on LP(fl) [U Corollary 2.3]. 



□ 



Remark 5.7. (1) Theorem 15.61 improves on [3J Theorem 1.1] in that it includes the 
matricial 7-boundedness of the Hormander calculus. Note that [3] obtains also a 
weak-type result for p = p$. If po is strictly larger than 1, then Theorem 15.6 

11 



the order of derivation a of the calculus from — + - + e in [3] to (i 



Po 



improves 
1 



In [131 Theorem 6.4 a)], under the assumptions of Theorem 15.61 a calculus with 



with > (d + 1] 
U a by 



J_ 

1 Po 



and r > 



is derived. Here is defined similarly to 



{/:(0,oo)^C: sup||(/oexp) 

fcGZ 



< 00}. 



Note that is larger than l-i a . In the classical case of Gaussian estimates, i.e. 
Po = 1, [14] yields a "H^ 2 calculus under Assumption 15.51 and even a "H" 2 calculus 
for many examples, e.g. homogeneous operators, with the better derivation order 
a 2 > 2- 

(2) The theorem also holds for the weaker assumption that Q is an open subset of a 
homogeneous space Q. In that case, the ball B(x,r t ) on the right hand side in (IGGEj) 
is the one in Q. This variant can be applied to elliptic operators on irregular domains 
Q C M. d as discussed in [3j Section 2]. 

In Theorem I5.6[ the operator A was assumed to be self-adjoint, and thus, admits a func- 
tional calculus L°° -»■ B(L 2 (tt)). The space L°° = L°°((0, 00); dfi A ) is larger than H a , and 
one can use this fact to ameliorate the functional calculus of A on L q (Q) by complex inter- 
polation. 



Proposition 5.8. Let A satisfy Assumption 15.51 Then for q G (p ,p' Q ), a > d 



Po 



+ 



PO 



I 



PO 



the functional calculus of A on L q 



and 9 G (0, 1) with > 

(5.7) m L9 : (L°°,H a ) e ->■ is matricially 7-bounded. 

Here "H"^ is the complex interpolation space which is given an operator space structure 
[381 P- 56] by 

M n ® H Q ) e = (M n ® M n ® ft* V 

Proof. The self-adjoint calculus : L°° —¥ B(L 2 (fl)) is completely bounded since it is 
a ^-representation [38, Proposition 1.5], so by Remark I3.2[ u^i is matricially 7-bounded. 
Moreover, we have (Gauss(L p ), Gauss(L 2 )) e = Gauss((L p , L 2 ) e ) J2TJ Proposition 3.7]. Then 
by bilinear interpolation between 



L°° x Gauss n (L 2 ) ->■ Gauss n (L 2 ), ([ay] g> /, J^7fc ® 



k,j 
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and, with the mapping u^v resulting from Theorem 15.61 p given by 9 — \ - — ^|/|| — 
M n <g> U a x Gauss„(L p ) -> Gauss n (L p ), ([a^] <g> /, 2J 7fc ® H> 2j lkakjU L p{f)xj, 

k k,j 

one deduces ( 15. 7ft . □ 
Note that the space (L°°,V, a ) e contains %f , where J > §, £ > a0 + (; - §). Here 
^r,o = |/ e : IK/ ° ex P)0fc|| w /3 — >■ for |&| oo| . Then (15.71) implies that in particu- 
lar, — > B(L q ), f i — Y f(A) is (norm) bounded and by [251 Section 4.6.1], this extends 
moreover boundedly to H? -> 5(L 9 ). 

In [HI Section 7], for many examples of operators A satisfying (1GEI) . it is shown that the 
functional calculus 

(5.8) u:H a -»■ E(L p (fi)), / h+ /(A) is bounded for 1< p < oo and a > ^. 

Moreover, for the fundamental example A = —A on L p (M. d ), the critical order | in (15. 8p 
is optimal [lOj IV.7.4],j25l Proposition 4.12 (2)]. Note that the derivation order for the 
matricially 7-bounded calculus obtained in Theorem 15.61 under the assumption ( 1GEI) (i.e. 
Po — 1) is only ^jjp, and therefore gives a weaker result in the derivation order compared to 
fl5D- 

Thus the question arises if an arbitrary A that has a norm-bounded Hormander calculus 
also has a matricially 7-bounded Hormander calculus. In contrast to the self-adjoint L°° 
calculus on Hilbert space, which is always matricially 7-bounded (see the proof above), we 
have the following result. 

Proposition 5.9. Let A be a O-sectorial operator on a space X with property (a). Let a > \ 
and (3 > a + 1. Suppose that its functional calculus / 1— > f(A) is bounded u a : 7i a — >■ B(X), 
and denote up the restriction of M a to 'HP . Then tt^ : T-L 13 — >■ B(X) is matricially 7-bounded. 

On the other hand, for any a > 0, there exists some A on a Hilbert space X such 
that u a '■ 7~L a — > B(X) is bounded (even 7-bounded because of (12.31) ). but its restriction 
u a +\ '■ 7~L a+1 B(X) is not matricially 7-bounded. 

Proof. For t G R, let / t (A) = A i4 . It is easy to check that ||/ t || w « < (t) a [251 Lemma 
4.12 (4)]. By Lemma 0(1), A has an H°° calculus. By [23 Corollary 6.3], the set 
{T(te ±l ^- e) ) : t > 0} is 7-bounded with constant < C9~ a -^ {9 G (0, §)). By Lemma 
15.31 condition (5) of Proposition 15.21 is satisfied with a + 1 in place of a and therefore, 
Up : — > B(X) is matricially 7-bounded. 

For the second statement, let a > |. Consider X = H 7 " and the group U{t)g = {-) lt g on 
X. Note that 

11(0*011* = ll(s°expM- -t)(.)°h = \\(goe* P y (■)((■) +t)°h = (t) a \\g\\x. 

In particular, ||C/(i)|| = (t) a . It is easy to check that U{t) = A lt are the imaginary powers 
of a O-sectorial operator A and that f(A)g = fg for any g G X and / G LL>o H°°(Ti w ). By 
[4Tj . one has ||/<7||wa < Il/Ilw a Hfl 1 !!^- Thus, A has a bounded H a calculus. 
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On the other hand, since X is a Hilbert space, the square function condition of Theorem 
4.10 reads 

\\(t)^A u x\\ l(R , x) = WQ-WxWvpm = (J(t)-W +2a dty \\x\l 

which is finite if and only if /3 > a + |. □ 

6. Proofs of Lemmas I4T51 - 14.81 

Proof of Lemma \475[ Since X has property (a), the fact that A has a bounded if 00 ^^) 
calculus implies [291 Theorem 12.8] that for any 9 > u, 

{g(A) : ||g||oc,0 < 1} is 7-bounded. 
We fix some 9 G (w, As the mapping u : W a —> B(X) is matricially 7-bounded, by 
Remark E21 

{h(A) : \\h\\ W a < 1} is 7-bounded. 
The lemma stated that 7 {{f2 k z(A) : k e Z}) ^ \z/Rezf , where /^(A) — exp(— 2 k z\). 
Thus it suffices to decompose / 2 fc z = 9 + h, where ||^||oo,6>) ||^||vk q ^ \z/Rezf . 

As * : / H> /(r-) is an isomorphism H 00 ^) and VP* ->■ W a , with ||^|| ■ 

ll 1 ^ -1 !! < C, C independent of r > 0, it suffices to have the above decomposition for |z| = 1 
and k — 0. We choose g(A) = exp(— (2; + 1)A) and /i(A) = exp(— z\)(l — e~ A ). As | arg(z + 
1)1 + Q < f + f = f , we actually have ||<7||oo,6i < 1 ^ |Rez| _/3 . Further it is a simple matter 
to check that ||/i||w a ^ iRezp' 3 for any f3 > a. □ 
Proof of Lemma \4-6[ The assumption of the lemma was 

(6.1) 7 ({exp(-2 fc ^) : fcGZ})<|^-|^ (Rez>0). 
We first show that 

(6.2) 7 ({(2 k tA)^ exp(-2 fc te ±i( ^- w) A) : kz})< (u; g (0, -)). 
Decompose 

e ±i (5 - w ) t = s + e ±<(f-f) rj 
where s,r > are uniquely determined by t and u. Then 

(2 fc tA)^exp(-e ±l( ^^ ) 2 /c tA) = (2 k sA)^ exp(-2 k sA) exp(-2 fc re ±i( ^-^ ) A), 

and consequently, 
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(2 fc tA)^exp(-e ±i( 5-^2 fc tA) : fc G z}) < sup(t/s)^ x 7 ({ (2 fc sA)^ exp(-2 fe sA) : Ifeez)) 



(6.3) x 7 ({exp(-2 fc re ±i( 5-^ ) A) : k G Z}) . 

We will show that the right hand side of (16. 3p can be estimated by < x 1 x co~^ '. The 
estimate for the first factor follows from the law of sines 

t/s = sin(^ + w/2)/sin(w/2) = w -1 . 
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For the second estimate, note that by [291 Example 2.16], (16. ip implies that {exp(— zA) : 
z G T^s} is 7-bounded for any 6 < \ and consequently, by [221 Theorem 2.20, (Hi) =>■ (i)], 

{A(A - A)- 1 : -A G £ e } is 7-bounded for any 9 G (f,vr). Then with /(A) = AV\ the 
Cauchy integral formula (12. 8 p gives 



{2 k tA)^ exp(-2 k tA) = — [ /(A)(A - 2 k tA)- l d\ 

= _L/ M x i_ ( i__ x) - to 



The first factor in the last integral belongs to L 1 (9E 7r _e, |dA|) and the second factor is 7- 
bounded by the above for any 9 < ir. Thus by the well-known integral lemma for 7-bounds 
[29| Corollary 2.14], the second factor in (16.31) is finite. 

The estimate for the third factor in (16.31) follows from the assumption (16.11) . so that we 
have shown (16. 2p . 

Now we will write the expression in (14.81) as an integral of the expression in (16.21) . Let 

9 g (0, f ), A = te ie and set = § - §, so that Re(e^A) < 0. Then 

A5(2 fe A)^(A - 2 k A)- 1 = X^(2 k A)h i<i> (e i4 '\ - e^A)' 1 



/"OO 

/ -e**s-?X5 exp(e**As) x (2 k sA)^ exp(-2 k e^sA)ds. 
Jo 



The second factor of the integral is 7-bounded by (16. 2 p and the first factor is integrable, as 
the following lines show. 

poo /*oo 

/ s -*\\*exp(e i +\s)\ds = / s~*\ exp(e^e i0 s)\ds 
Jo Jo 

= J s 2 exp(cos(— + -)s)ds 

= I s _ 5 exp(— s)ds I cos(^ + 
Jo 2 2 

< 0-3 

Then r = {A5(2*A)3(A - 2 fc A)~ 1 : fc G zj is 7-bounded since by [251 Proposition 2.6 (5)], 
we have 

j(t) < J s _ *|A3 exp(e**\s)\ds x sup7 ({(2*M)i exp(-2 fc te ±i( t-^A) : fcez}) 

< |argA| _2 " x |argA| _/3_ 5 
The same reasoning applies for A = te ld and 9 G (— |, 0). □ 

Proof of Lemma \4- 1\ By [251 Proposition 4.18] and [H p. 73], it suffices to show that for 
some 5 G (7, n), 

(6.4) < 9- s \\f\\ 00 , e for any / g|JTO)- 
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To show (16 .4p . we use the Kalton-Weis characterization of the bounded H°°(Eg) calculus 
in terms of 7-bounded operator families ([24], see also [23 Theorem 12.7]). More precisely, 
we follow that characterization in the form of the proof of [29j Theorem 12.7] and keep 
track of the dependence of appearing constants on the angle 6. It is shown there that for 
/ G H^{E 2d ), x E X and x' G X', 

\(f(A)x,x')\ = |-L I (X^f(X)A^(X-A)- 1 x,x')dX\ 



dt 



1 r°° 

/ \{f{te ij6 ){tA)*{eW - tA)-'x,x>)[ 
2?r tti Jo 



j=±i 

(*). 



t 



We put 



<MA) = A H +A X )2 and ip(X) 



e^-X rv ' \(\ + X)< 

so that (tA)*(e ij0 - tA)- 1 = <j> j0 (tA)iJ)(tA)il)(tA). By J29] Lemma 12.6], the integral (*) can 
be controlled by Gauss-norms. More precisely, we have 

TV 

(6.5) (*) < sup sup sup || V lk <g> f(2HeV e )<P je (2 k tAW(2 k tA)x\\ Gauss{x) 

,-=±lt>0 TV ^ 
TV 



lk ® ^(2 k tA) X ||Gauss(X') 



k=-N 

TV 

< 



OO, 



1 sup 7 {{<p je (2 k tA) : k G Z}) sup || ^ 7fc g> V>(2 fc k4)z|| Gauss (X) 



TV 

•sup || V" 7 fc ® ^(2 fc tv4)V|| Gauss(x ,). 
fc ~1v 

By Theorem 12.2], the fact that A has a bounded if 00 calculus implies that sup^ t \\ J2k=-N lk® 

^(2 fc tA)x|| G auss(x) < ||x|| and sup^ || J2k=-N lk ® 4){2 k tA) V|| G auss(x') < ||x'||. Note that 
there is no dependence on 9 in these two inequalities. It remains to show that 

(6.6) sup 7 ({<M2 fc L4) : k G Z}) < O' 5 . 

j=±l,t>0 



We have 



^•,(2 fc M) = / je (A)A^2 fc tA)^(A - 2 fc tA)-^ 
2t™ ,/ ss A 

= / <MiA)A^(2 fc ^(A - 2M)" 1 ^. 
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By [251 Proposition 2.6 (5)], 

sup 7 ({<M2 fc tA) : k G Z}) < sup ||0 ie (*A)|| £l(flEfl) 



j=±l,t>0 



H) 



j=±l,t>0 -2 

x sup 7 ({A5(2 fe A)^(A-2 fc A)- 1 : fc G Z} 

Aeas e/2 \{o} v 



By assumption, it suffices to show that for any e > 

sup ||<M*A) \\ LH8E < c € er 

*>o I A 



as. 



|0 j9 (tA)| 



dA 



A 



9S, 



l^(A)| 



dA 



A 



2 ^ 
The denominator is estimated from below by 



54(1 + e ll 2s) 



e 2 s 



\e^ e - e il h\ 



I 



\e ie(J -* ) -s\>\cos(e(j-~))-s\ 



I 



<xx{0(j--))-l\ + 



>|1-«|-| 
>\l-s\-9 2 + 9>\l-s\+9 



for the crucial case of small 9. Thus 



ds 
s 



sin(0(j-~))| 



as. 



l^(A)| 



dA 



< 



54 (1 + s) 2 ds 
+ |1 - s| ~s' 



We split the integral into the parts J Q °° = J Q 2 + ji ° + + + 



1 1 

2 



s* (1 + s) 2 ds S4(l + s)a ds 
— ^ ^- — < / — p f- < OO 

o 9 + |1 - s\ s Jo \l - s\ s 



is independent of 9. The same estimate applies to J 2 C 



l -° 53(1 + S ) l 2 ds < 



+ |l-s| S ~7i 6> + 1 1 — S 



rds < 



1-s 



ds<|log0|. 



Similarly, 



S4 (1 + 5)2 ds 



< 



1+0 s — 1 



Finally, 



1+0 + |1 - s| s 

1+e g|(l + g)j ds 

x _ fl 0+|l-s| T ^ ./,_„ 

Since 1 + | log0| < C e 9~ e , the lemma is shown. 



ds < |log0|. 



1+6* -1 

< / -ds < 1. 



□ 
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Proof of Lemma \4^ Denote N = sup x>0 #{&; G Z : supp fl 2x] ^ 0} < oo. Fix x > 
and j G {0, 1, . . . , n}. Then almost all vanish in a neighborhood of x, and thus 



da;-' 



E 



E 

fcez 



da;-? 



< A^sup \x 3 — g k (x)\ < Nsap\\g k \\u n 



Taking the supremum over x and j gives || 52 fceZ <7fc||M n < ^ su Pfcez Ibfcllivr 
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